Abstract. Let E d (x) denote the "Euler polynomial" x 2 + x + (1 − d)/4 if d ≡ 1 (mod 4) and x 2 − d if d ≡ 2, 3 (mod 4). Set Ω(n) = the number of prime factors (counting multiplicity) of the positive integer n.
Introduction
In 1772 Euler observed that the quadratic polynomial x 2 + x + 41 takes on prime values for the consecutive values x = 0, 1, 2, ..., 39. He also noticed that a similar phenomenon occurs for the polynomials x 2 + x + q for q = 2, 3, 5, 11, 17. In 1912 Frobenius [6] discovered that this happens whenever the corresponding quadratic field Q( √ 1 − 4q) has class number one. The following year, Rabinowitch [11] proved that the two phenomena are equivalent, i.e. these polynomials take on prime values for the initial consecutive values of x if and only if the corresponding quadratic field has class number one. In 1986, following a suggestion of Ono, Sasaki [12] extended Rabinowitch's result to imaginary quadratic fields of class number two.
To state Sasaki's results precisely, we first establish some notation. Let d be a negative squarefree integer, and let ω d be the standard integral basis element If p > 3 is a prime, let (p) denote the smallest prime which is a quadratic residue mod p, and set (3) = 1. In Section 5 we prove the following improvement of a result of Chowla-Cowles-Cowles: 
.
In 1986 Sasaki [12] proved the following two results.
We are grateful to Ze'ev Rudnick for the following remark: Remark 1.7. Since for any positive integer n,
Thus Theorem 1.6 holds asymptotically in a stronger sense. We will show, using a result of Lagarias-Odlyzko [7] which assumes the Extended Riemann Hypothesis (ERH),
From Rabinovitch's theorem and Sasaki's theorems we get the immediate By Remark 1.7, this conjecture fails for at most finitely many d. We will show in fact that there are only finitely many d with −d a prime p ≡ 3 (mod 4) and Ono d = 3. Moreover, using a result of Bach [3] (which also assumes ERH), we find that the conjecture holds for all −d= prime p ≡ 3 (mod 4) greater than 10 17 . Computer calculations so far show that the conjecture holds up to 1.5 × 10 7 .
Modules and ideals in quadratic fields
This section summarizes some background material, mainly from [12] . Let K be an imaginary quadratic field as above, although of course some of the assertions below hold for more general number fields. A module in K is a Z-module generated by α, β ∈ K which are linearly independent over Q. Such a module M will be denoted by [α, β] . Every (fractional) ideal of K is a module, but not every module is an ideal. (This is just a special case of the fundamental theorem on finitely generated abelian groups. See [1] , pp. 257-258.) From now on, we will always represent a module M in this way. The (absolute) norm N (M ) of M is then equal to ac.
and only if c divides both a and b and ac|N
where the latter expression as usual denotes the ideal generated by a and b + ω d . 
The following characterization of primitive ideals is easily verified. Lemma 2.5. Let a be a nonzero ideal of O K . The following are equivalent: 
Ono invariants and norms of ideals
The following lemma generalizes an argument of Sasaki [12] . Let Ω * (a) denote the number of prime ideals dividing the ideal a, counting multiplicity. 
must hold. Since we may replace a by a , we may assume without loss of generality that b <
Hence equality holds, so
Case 2. d ≡ 1(mod 4). In this case tr(ω d ) = 1, and
In the latter instance, b < 4 , p = 499, so the bound in Theorem 3.2 is sharp. In particular, we again see that Conjecture 1.9 fails for at most finitely many values of d.
Imaginary quadratic fields of class number three
The last result in this section is a curious consequence of the condition Ono d = 3.
Lemma 4.3. If a is an ideal of O K of minimal norm in its ideal class, then it is not
properly divisible by any principal ideal other than the trivial ideal.
Proof. If a is principal, the assertion is trivial, so assume a nonprincipal. If a = bc nontrivially with b principal, then c is nonprincipal in the same class as a with smaller norm, contradiction. Proof. Let a be a nonprincipal ideal of minimal norm in its class. Assume contrarily that a is a product of primes p 1 · · · p r with r > 1, and without loss of generality N (p 1 ) ≤ N (p i ) for all i > 1. By Lemma 4.3, none of the factors in this product is principal. On the other hand, by Lemma 2.7,
4 (p ≥ 5), contradicting Theorem 3.2.
Least prime quadratic residues
If p > 3 is a prime, let (p) denote the smallest prime which is a quadratic residue mod p. Set (3) = 1. We will improve the following result of Chowla-Cowles-Cowles:
Let p > 3 be a prime such that p ≡ 3 (mod 8). Then h −p = 1 if and only if (p) = 
Conditional results
We now present some results which rely on variants of the Riemann Hypothesis. We will now find an explicit bound for Theorem 4.2 relying on the Extended Riemann Hypothesis (ERH). Proof. We use a result of E. Bach [3, Theorem 4] , which assumes ERH: let K be any number field of discriminant ∆, let f be an ideal of O K , H f the group of fractional ideals of K prime to f, and let χ be a nontrivial character of H f . Then there exists a prime p of K of degree one such that χ(p) = 0, 1 and N (p) ≤ 18 log 2 (|∆| 2 N (f)). In our case K = Q( √ −p). Taking f = ( √ −p), and observing that (O K /f) * (which is a subgroup of the ray class group mod f) is cyclic of order p−1, there exists a nontrivial character χ of H f . Applying Bach's result to this situation, there exists a prime p which splits over Q, and N (p) ≤ 18 log 2 (|∆| 2 N f) = 18 log 2 (p 3 ) = 162 log 2 p. We are therefore reduced to computing when 3 p+1
4 exceeds 162 log 2 p. Using MATLAB we obtain a value ∼ 10 17 .
Conjecture 1.9 can therefore be settled in principle (assuming ERH) by computer verification. (So far we have verified the conjecture up to 15 · 10 6 .)
